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Fo r m o r e info r m a tio n, in cl u di n g o u r p olicy a n d s u b mi s sio n p r o c e d u r e , pl e a s e c o n t a c t t h e R e p o si to ry Te a m a t: u si r@ s alfo r d. a c. u k . A suspension of nanometer-sized particles/fibers in a base liquid changes the carrier fluid properties (viscosity, density, thermal conductivity, mass diffusivity) and is regarded as a ''nanofluid". Water, organic liquids, kerosene, lubricants, bio-fluids, and polymeric solution are normally used as base fluids. Nanoparticles are made from various materials such as oxide ceramics, metal nitride, carbide ceramics, metals and various forms of carbons [1] . Nanofluids have been proven to have diverse engineering and biomedical applications in both porous and purely fluid systems. Representative examples include the following: advanced nuclear systems, fuel cells and drug delivery. Micro-electro-mechanical systems (MEMS), nano-electro-mechanical systems (NEMS) and indeed many thermo-technical devices produce a huge amount of heat, which affects the normal activities of the devices and reduces the longevity. Hence, an efficient cooling (heating) system is required in designing such devices. It is known that heat transfer capacity of fluid can be improved by changing (i) flow geometry, (ii) boundary conditions, (iii) enhancing thermal conductivity, and (iv) using porous media [2] . Choi [3] has shown that nanoparticles can be used to enhance thermal conductivity of the base fluid. Transport phenomena associated with the flow of nanofluids have received the attention of investigators due to their diverse applications where heat and/or mass transfer play a vital role. The combination of a porous medium and nanofluid can significantly improve the effective heat transfer characteristics [4] . Therefore deployment of porous media in thermal engineering systems has been the subject of extensive activity in engineering sciences. Porous media arise in an astonishing range of technical and environmental applications including filtration, thermal insulation (fabrics and building materials), groundwater hydrology, oil reservoir formations, combustion, biomechanics, food stuffs and many types of heat exchanger [4] . In power station systems, cooling/heating is essential (e.g. in turbine blades), heat dissipation in electronic equipment and combustion systems (burners) to maintain efficient operation of the systems. The mixing of the low and high energy fluids which occur in these applications significantly affects the performance of these devices [5] . One of the ways to boost heat transfer (and cool boundaries) is to employ a porous medium saturated with nanofluid. Fundamental and detailed expositions of engineering applications of porous media such as solar energy collectors, heat exchangers, geothermics and heat pipes are documented in a number of monographs [6] [7] [8] [9] . Nanofluids can and have been successfully utilized in many technologies, especially those that involve significant enhancement of heat transfer, and an excellent elaboration in this regard is Yu and Xie [10] (and references contained therein). For example, nanofluids can increase the cooling rates of heavy-duty engines by increasing the efficiency and reducing the complexity of thermal management systems and are a sustainable and relatively inexpensive mechanism for doing so [4] . So far, two popular mathematical formulations for nanofluid transport [15] (for convection from a vertical plate in porous media), Rashad et al. [16] (for convection from a cone in Darcy porous media), Mahdy and Ahmed [17] (for vertical wavy surface convection), Cheng [18] (for a truncated cone), Behseresht et al. [19] (vertical cone in a non-Darcy porous medium), and Srinivasacharya and Surender [20] (for stratified porous media). Recent studies of nanofluid flow in porous media and their applications can be found in the review of Mahdi et al. [21] and the literature referenced therein. Microscale and nanoscale heat/mass transfer have also stimulated the interest of engineers [22] . In microfluidics/ nano-fluidics devices, the flow of a fluid on the micro/ nanoscale differs significantly from the macroscopic flow. To incorporate the scaling effects of fluid flow at the submicron scale, the conventional no-slip boundary conditions at the fluid-solid interface must be replaced by slip (nonadherence) boundary conditions (velocity and thermal slip). The slip conditions display the interfacial interaction between a fluid and a solid, including contributions from surface roughness and intermolecular interaction [23] . Wen-Ming et al. [24] reported various slip models for gas microflow based on different theoretical, computational and experimental studies. Many analytical and numerical methods have been used to simulate a wide range of slip flows. Tripathi et al. [25] used homotopy semi-computational methods to study momentum slip effects on peristaltic propulsion of viscoelastic fluids. Nandeppanavar et al. [26] studied numerically the effect of first and second order slip on boundary layer flow past a stretching sheet. Bhargava et al. [27] used a finite element method to show that increasing wall slip factor strongly decelerates the radial and azimuthal flow in Von-Karman swirling convection. Khader and Megahed [28] studied the effect of second order slip and Eckert heating on Sakiadis flow in porous media using a Chebyshev finite difference method, and observing that slip velocity parameter decreases the skin-friction coefficient. Haq et al. [29] studied thermal radiation and slip effects on magnetohydrodynamic (MHD) stagnation point flow and showed that the local Nusselt number decreases with the momentum (velocity) slip parameter. Behzad et al. [22] investigate the temperature-dependent fluid properties and slip effect on microspherical particle. They found that a large slip on the wall increases convection along the surface while a large temperature jump reduces the heat transfer, emphasizing that neglecting temperature jump results in an over-estimation of the heat transfer rates. Nikbakhti and Rahimi [30] studied double-diffusive natural convection in a rectangular cavity with partially thermally active sides. Nikbakhti and Saberi [31] discussed natural convection heat and mass transfer in a rectangular porous cavity having partially thermally active walls.
It seems that most researchers have deployed conventional boundary conditions at the interface in boundary layer nanofluid simulations. However, no slip boundary conditions yield practically less applicable results [32] . Therefore to attain more realistic results, in this paper we investigate MHD flow from a nonlinearly radiating stretching sheet embedded in a porous medium, in the presence of the velocity slip, thermal slip and zero mass flux boundary conditions. The isotropic Darcy model is employed, valid for low-speed transport (viscousdominated) and generally reliable up to Reynolds numbers of 10. This problem is of interest in nanomaterial manufacturing processes. The governing partial differential boundary layer equations are reduced to a two-point boundary value problem with the aid of appropriate similarity variables and solved with a finite element method (FEM). The effects of the thermophysical parameters on the fluid velocity, temperature and nanoparticle volume fraction (nanoparticle volume fraction), friction and heat transfer rates are examined in detail. Verification of computations with previous studies in the literature is also included.
Mathematical magnetic nanofluid slip transport model
The regime studied is a two-dimensional steady flow with a coordinate system in which the x-axis is aligned vertically and the y-axis is normal to it. A uniform transverse magnetic field of strength B 0 is imposed parallel to the y-axis. The flow model and coordinate system are shown in Fig. 1 . The magnetic Reynolds number is considered sufficiently small compared to applied magnetic field so as to ignore induced magnetic field effects. The electric field resulting from the polarization of charges and Hall effects is neglected. The fluid properties are assumed to be constant. Three distinct boundary layers (momentum, thermal and nanoparticle species) are formed in the vicinity of the plate. The boundary layer is optically thick and the Rosseland approximation for radiative heat transfer is valid [33] . Thus, the radiative heat flux for an optically thick boundary layer as described by Sparrow and Cess [34] is defined as q r ¼ À ) is the Stefan-Boltzmann constant and k 1 (m À1 ) is the Rosseland mean absorption coefficient. The appropriate boundary layer equations are the conservation of mass, momentum, thermal energy and the nanoparticle volume fraction (species). These equations can be written in dimensional form by extending the formulations of Buongiorno [11] and Makinde and Aziz [35] as follows:
Finite element simulation of magnetohydrodynamic convective nanofluid slip flowu
The appropriate boundary conditions are [32, 36] :
Here the following notation applies: a ¼ : thermal slip, D 1 : thermal slip factor, q f : density of the base fluid, l: dynamic viscosity of the base fluid, q p : density of the nanoparticles, ðqC P Þ f : heat effective heat capacity of the fluid, ðqC P Þ P : effective heat capacity of the nanoparticle material, D B : Brownian diffusion coefficient, D T : thermophoretic diffusion coefficient. K = 0 corresponds to the case without the pressure gradient term and K = 1 implies flow with a pressure gradient term present, u w : velocity of the sheet, k > 0 represents a stretching sheet, while k < 0 represents a shrinking sheet, and k ¼ 0 represents a static sheet (stationary wall scenario). Before solving the physical problem described by the set of Eqs. (1)- (5), it is pertinent to perform a transformation of variables. We introduce therefore the following similarity variables [31] :
These expressions satisfy Eq. (1) identically and substitution of these into Eqs. (2)- (5) yields the following: 
The boundary conditions in Eq. (5) become the following:
In Eqs. (7)- (10) primes denote ordinary differentiation with respect to g. The thermophysical dimensionless parameters arising in Eqs. (7)- (10) is the thermophoresis parameter,
is the hydrodynamic slip parameter,
is wall temperature excess
is the magnetic field parameter (ratio of magnetic body force to inertial hydrodynamic force).
To estimate the performance of the various microfluidic/-nanofluid as well as thermal devices, the knowledge of drag and heat transfer rates at the wall is important. The information associated with wall property variation yields information which may lead to an improvement in the design of the devices for increased performance and efficiency [37] . Thus the skin friction, heat transfer and mass transfer rates are the important quantities that need to be quantified. Following Uddin et al. [33] , these quantities of can be written in the following form: is the local Reynolds number.
Numerical solution with finite element method (FEM)
This section is devoted to the computational solution of Eqs. (7)- (10) to show the effect of the emerging parameters on the flow, heat and nanoparticle volume fraction characteristics. The purely analytical solution of Eqs. (7)- (10) is extremely difficult if not intractable. Hence a numerical approach is elected, specifically the finite element method (FEM) which is the most popular and adaptive method available for solving differential equations. FEM is exclusively employed in commercial softwares e.g. ANSYS, ADINA, MARC, ABAQUS. It very effectively solves boundary value problems very quickly and accurately. Although other approaches do exist which have been employed in nanofluid transport phenomena, e.g. Lattice Boltzmann Method (LBM), this is a particle-based approach and is popular in simulations involving powders, and more recently nano-particles. However it is primarily used by physicists for polymeric suspension, liquid crystal simulations, etc., not engineers, who prefer (justifiably) the finite element method which is much simpler and just as accurate. The authors are aware of this method but have elected FEM as we are examining boundary layer phenomena with nanoscale effects, not considering particle-particle interactions, for which LBM was originally developed. LBM simulates fluids in the molecular state rather than at the classical macroscopic level and involves solving the Boltzmann transport equation for particle distribution functions on a simplified phase space, designated the lattice. Other variations of LBM for heat transfer of relevance to nanofluids are the thermal LBM which models the dynamics of fluid particles to capture macroscopic fluid quantities such as velocity, pressure and temperature. In this approach, the fluid domain is discretized to uniform Cartesian cells. The probability of finding particles within a certain range of velocities at a certain range of locations replaces tagging each particle as in the computationally-intensive molecular dynamic simulation approach. In LBM, each cell holds a fixed number of distribution functions, which represent the number of fluid particles moving in these discrete directions. Popular models are the D2Q9 model. The main advantage of LBM over FEM (and for example other computational fluid dynamic methods such as the finite volume method, FVM, which is used in e.g. ANSYS-FLUENT) is that it can be easily parallelized and computationally less costly. However in the engineering community, most researchers use the Navier-Stokes viscous flow equations as the standard for laminar flow (from which boundary-layer theory is developed), and are therefore not acquainted with the Boltzmann model. LBM therefore while having its merits is less popular since it requires a higher knowledge of physics and gas dynamics and is not integratable generally into standard numerical methods used in engineering. Very few engineers in the experience of the authors have embraced LBM. Despite its advantages in terms of dissipation errors over Navier-Stokes type methods e.g. FEM, LBM is mathematically more complex and therefore not attractive to engineers. The basic concept of FEM is that the whole domain (''infinite") for the problem in any dimension is divided into smaller ''finite elements". It is an extremely versatile (in terms of both resolving complex geometrical and material nonlinearity) and has received considerable attention in nonlinear nanofluid mechanics [38] , heat transfer [39, 40] , membrane structural mechanics [41] , electrical systems [42] , biological systems [43] , acoustics [44] and many other fields [45] . The steps involved in finite element analysis are as follows: The assembled equations obtained can be solved using any standard matrix technique such as Householder's method, Gauss's elimination method, LU Decomposition method and Choleski decomposition method. An issue is that of the shape Finite element simulation of magnetohydrodynamic convective nanofluid slip flowfunctions used to approximate actual functions. The ''weak form" associated with Eqs. (7)-(9) over a typical linear element X e = (g e , g e+1 ), is given by the following:
where w 1 , w 2 , w 3 and w 4 are arbitrary test functions and may be viewed as the variation in f; h; g and h, respectively. The finite element model can be obtained from the equations aforesaid by substituting in finite element approximations of the form:
where N = 2 (linear) or 3 (quadratic) with w 1 = w 2 = w 3 = w 4 = w i , and for our computations, the shape functions of a typical element X e = (g e , g e+1 ) are as follows: Linear element:
; g e 6 g 6 g eþ1 :
Quadratic element:
The finite element model of is given by; ] (m, n = 1, 2, 3, 4). Each element matrix (order 8 Â 8) is assembled after linearizing the system of equations and Gaussian quadrature is employed for solving the integrations. After applying the given boundary conditions, the final system of equations (AX = b) is solved using the Gauss elimination method and the entire algorithm has been executed in MATLAB. In the present computations, the boundary layer domain has been discretized to satisfy farfield boundary conditions g 1 (at infinity) to ensure the asymptotic behavior of dependent variables. In the absence (K = 0) and presence of pressure gradient (K = 1), g 1 is fixed at 30 and 10 respectively. An iterative process is assumed to attain a convergent solution when the following condition is satisfied:
The present problem reduces to Yih [46] when (7)- (10) and k ¼ 0; Pr ¼ X ¼ 1 are prescribed in Yih paper [46] . Experimental data for the present model are not available in the literature. Hence, we compare our results with the published results to determine the accuracy of our results. The values of Àh 0 (0) are compared with Yih [46] in Table 1 and with Dayyan et al. [47] (NS = numerical solution, HAM = homotopy analysis method solution in this reference) in Table 2 . Also the values of Àh 0 (0), À/ 0 (0) are compared with Khan and Pop [63] in Table 3 . In each case, very good correlation has been achieved. Fig. 2(a and b) shows the effects of the Reynolds number and the velocity slip parameter and the pressure gradient parameter K on the dimensionless velocity within the boundary layer. It is evident from Fig. 2(a) that the dimensionless velocity is decreased as the Reynolds number increases for both in the presence and in the absence of the slip parameter. A similar trend for velocity has been observed by Dayyan et al. [47] for non-magnetic pure fluid. The velocity slip parameter leads to reduction in the velocity i.e. deceleration. This figure is drawn when the pressure gradient term is absent. A reverse trend of the velocity is noticed when the pressure gradient term is present (when there is external velocity). A similar pattern in velocity response has been reported by Suhil and Al-Nimr [48] , Jawad and Oubarra [49] for non-magnetic regular fluid (without nanofluid effects). The variations of the physical quantities with various parameters are shown in Tables 4 and 5 respectively. Fig. 3(a and b) displays the effects of the Reynolds number and the velocity slip parameter on the dimensionless temperature within the thermal boundary layer. Fig. 3(a) indicates that the dimensionless velocity is decreased as the Reynolds number increases both in the presence and in the absence of the slip parameter. A similar trend for temperature was also noticed by Dayyan et al. [47] for non-magnetic pure fluid. In the presence of the pressure gradient term, a velocity slip reduces the temperature (Fig. 3(b) ) i.e. cools the boundary layer. The suppression of temperature has also been computed by other researchers, notably Suhil and Al-Nimr [48] and Jawad and Oubarra [49] although for non-magnetic regular fluids. Note that the effect of the velocity slip is more visible for the flow field in the absence of the pressure gradient. [47] for non-magnetic pure fluid. The velocity slip parameter leads to an increase in the nanoparticle volume fraction. Note that the temperature is not affected by the pressure gradient term as the momentum equation is not coupled with the thermal equation. It is therefore evident that velocity slip encourages diffusion of the nanoparticles into the boundary layer and generates more homogenous concentration levels. This elevates the concentration boundary layer thickness. Slip at the wall can therefore be judiciously utilized to alter the structure of nano-materials in stretching/shrinking sheets, an important characteristic in material processing. Table 3 Comparison of the rate of heat transfer at the surface Àh 0 (0) and À/ 0 (0) for different values of Nt and Nb with fixed nanoparticle nanoparticle volume fraction on the sheet, when Pr = 10 = Le, depicts the effects of thermophoresis and conduction-radiation parameters on the dimensionless temperature. Dimensionless temperature is increased as the thermophoresis parameter increases for both radiating and nonradiating sheets, both in the presence and in the absence of the pressure gradient term. In the absence of the pressure gradient term, temperature is decreased as the radiation parameter increases. A similar trend of temperature was also observed by Hossain et al. [50] and Uddin et al. [33] which yields a further verification of the FEM numerical computations. The parameter, is conduction-radiation parameter,
Computations and discussion
arises in the augmented heat conduction term in Eq. (8) , via the fraction 4/3R. Greater values of R imply weaker radiative heat transfer contribution and vice versa for smaller values. When R = 1 both thermal conduction and thermal radiation contribute equally to the temperature field and when R ? 1 radiative effects vanish. Inspection of Fig. 5(a and b) shows that temperatures are always higher for R = 10 than for R ? 1. This is consistent with the high temperatures experienced with radiation (the Stefan-Boltzmann law is fourth order in temperature) and demonstrates that radiation achieves significantly greater heating of the nanofluid than conduction or convection. This is attributable to the propagation of electromagnetic waves in radiation which are absent in other modes of heat transfer. Even with a relatively simple model such as Rosseland's diffusive flux model, the effect is substantial. We further note that the current radiative model is valid for high optical thickness (optical depth) for which thermal radiation is better attenuated in the medium and is known to induce heating, as elaborated by Lord and Arpaci [51] who have computed significant rise in temperatures with increasing optical thickness. Of course the present simulations may be refined to consider more complex models e.g. Schuster-Schwartzchild two-flux models, discrete ordinate models, and these are under consideration. Effectively Table 5 Numerical values of local rate of the heat transfer at the surface Àh 0 (0) for different values of K, R, Nt and f w keeping Pr = 6.8, Le = 10, k = Nb = M = 0.5, a = b = 0.1, h w = 1.5, Da = 0.1, Re = 3.0. the present computations show that thermal boundary layer thickness of nanofluid will be enhanced with greater radiative effects (smaller R values). Fig. 6 (a and b) depicts the effects of thermophoresis and the conduction-radiation parameters on the dimensionless nanoparticle volume fraction, with (K = 1) and without (K = 0) pressure gradient. The dimensionless nanoparticle volume fraction is increased as the thermophoresis parameter increases for both radiating (R = 10) and non-radiating (R ? 1) sheet flows both in the presence and in the absence of the pressure gradient term. Particle thermophoresis is known to be a non-equilibrium cross-flow effect between mass and heat transport and resembles to some extent thermodiffusion (the Soret effect) in simple fluid mixtures. In nanofluids and other suspensions of particles, particle drift is induced by the force of a temperature gradient. Numerous studies have shown e.g. Buongiorno [11] and more recently Pakravan and Yaghoubi [52] , that within nanofluids subjected to a temperature gradient, dispersed particles exhibit in addition to Brownian motion, a steady drift velocity which is a function of the thermophoresis coefficient (D T ). Depending on the sign of D T , the nanoparticles focus either at the cold or at the hot side, giving rise to the steady-state concentration gradient. In the present analysis, the sign is positive (see Eqs. (8) and (9)). The thermophoretic effect is similar to the behavior of particles subjected to an external driving force (e.g. gravity, electric field), however in thermophoresis there is no real external field present. The present computations confirm that nanoparticles migrate away from the sheet wall toward the boundary layer regime, which is heated via thermophoresis and this effect simultaneously assists particle deposition in the body of nanofluid, thereby accounting for the elevated concentration (nanoparticle) magnitudes. In the absence of the pressure gradient term, nanoparticle volume fraction is enhanced as the radiation parameter increases. Species diffusion is therefore assisted with radiative flux. Recently, a similar trend of temperature was observed by Uddin et al. [33] using MAPLE numerical quadrature. Other researchers e.g. Hady et al. [53] and Sheikholeslami et al. [54] have also reported a significant elevation in nanofluid concentration boundary layer thickness with greater thermal radiation effect. Fig. 7(a and b) illustrates the influence of Darcy number and wall transpiration (suction/injection) parameter on dimensionless velocity distributions. The velocity is decreased (increased) as the Darcy number increases in the absence (presence) of the pressure gradient term for both plates with injection (fw = À0.1) and for both plates with suction (fw = 0.1). The Darcy model relates porous transport velocity to the pressure drop in the porous medium [55] . In the absence of such pressure gradient the flow is decelerated with greater permeability effect, contrary to correct response which is observed when pressure gradient is present (K = 1). In the present study we consider significantly porous media i.e. very large permeabilities and Darcy number is assigned relatively high values (0.1, 0.3, 0.5). These correspond to foam-based porous materials or sparsely-packed media through which the nanofluid Finite element simulation of magnetohydrodynamic convective nanofluid slip flowsheet can be stretched or contracted. It is interesting to observe the significant deviation in profiles for the two cases in Fig. 7(a  and b) . Without pressure gradient, velocity decays from the sheet to vanish in the free stream of the boundary layer; however with pressure gradient present, the velocity field grows from the wall (sheet) to attain a maximum in the free stream. The scenario with pressure gradient is therefore more realistic since boundary layers attain highest values furthest from the boundary. The decreasing porous matrix resistance (Fig. 7  (b) ) with greater Darcy number manifests in decreased resistance to the percolating nanofluid which results in flow acceleration. With injection, the flow is further accelerated and with suction it is retarded. Porous media therefore achieve an attractive control mechanism in boundary layer flows and this is of benefit in material processing. Fig. 8(a and b) illustrates the effects of the Darcy number and suction/injection parameter on the dimensionless temperature. Temperature is decreased (increased) as the Darcy number increases in the absence (presence) of the pressure gradient term for both the case of wall injection (fw = À0.1) and wall suction (fw = 0.1). The progressively greater sparsity of packing in the porous medium with increasing permeability manifests in a decrease in solid fibers available for thermal conduction. This, despite the presence of thermal radiation (R = 10) results in a decrease in heat conduction which causes the drop in temperatures. Both with and without pressure gradient the mature of this response is similar, and distinct from the disparity in velocity distributions observed in Fig. 6(a  and b) . In both Fig. 8(a and b) the temperatures exhibit a monotonic decay from the wall to the free stream, a classical feature of thermal boundary layers, whether nanoscale or not. However in the presence of pressure gradient (K = 1), this plummet is more dramatic and the profiles reach vanishing values faster than in the absence of pressure gradient (K = 0). Strong blowing (injection) achieves a heating effect in the regime, whereas strong injection induces cooling. The thickening in the momentum boundary layer with suction (i.e. deceleration in the flow) is intimately connected to the thermal diffusion within it. Suction depletes thermal boundary layer thickness also. Evidently the combination of wall mass flux (suction/injection) with a porous medium exerts substantial influence on boundary layer characteristics for nanofluids. Fig. 9(a and b) illustrates the effects of the Darcy number and suction/injection parameter on the dimensionless nanoparticle volume fraction. Initially in close proximity to the sheet, the nanoparticle volume fraction (species concentration) is decreased as the Darcy number increases in the absence and presence of the pressure gradient term for both injection (fw = À0.1) and suction (fw = 0.1). However further from the wall the response is reversed and it is found that the peak nanoparticle concentration arises at g % 5 with Da = 0.5 (maximum permeability). The diffusion of nano-particles (or indeed any species) in porous media is different from heat or fluid flow. The size of nano-particles influences the facility with which they can percolate via pore space, as elucidated by Vafai and Tien [56] . Even though the present porous structure is very high permeability, near the wall the packing of solid fibers will have a suppressing effect on nano-particle motion. This effect remains whether the medium is tortuous or not. This boundary effect usually requires a more sophisticated porous medium hydrodynamic model, and in this regard exponentially decaying porosity models have been developed, notably Vafai [57] . Evidently however the dominant effect of increasing Darcy number for the majority of the boundary layer regime transverse to the wall is to encourage mass transfer of nanoparticles, and again this trend has been identified for regular and complex suspension fluids in many studies, including Gebhart [58] . Generally blowing at the wall is found to enhance nano-particle diffusion and thicken the concentration boundary layer when pressure gradient is absent whereas the converse effect is largely prevalent in the presence of pressure gradient. Fig. 10(a and b) displays the effects of the temperature ratio and the thermal slip parameter on the dimensionless temperature. The temperature is increased as the temperature ratio increases both in the absence and in the presence of the pressure gradient term for both the isothermal sheet scenario (b = 0) and the thermal slip sheet scenario (b = 0.2). We note that for both cases, temperature is reduced as the thermal slip parameter increases. This is due to the fact that with thermal slip present, the nanofluid in the neighborhood of the plate does not sense the heating effects of the plate and a decreasing quantity of heat is transferred from the hot sheet surface to the surrounding nanofluid. Although the nature of profiles for both pressure gradient presence and absence at first appears almost identical, closer inspection of the graphs reveals that with pressure gradient the temperatures descend much faster to the free stream vanishing value. Pressure gradient therefore results in a less homogenous distribution of temperature across the boundary layer compared with the case where it is absent. 11(a and b) presents the influence of temperature ratio and thermal slip parameters on the dimensionless nanoparticle volume fraction. Apparently the concentration of nanoparticles (as quantified by nanoparticle volume fraction) is elevated as the temperature ratio increases both in the absence and in the presence of the pressure gradient term and for both slip and non-slip conditions. For both pressure gradient cases, nanoparticle volume fraction is initially boosted but subsequently reduced as the thermal slip parameter increases. This effect is more prominent in the absence of pressure gradient. It is pertinent also to note that distinct from velocity and temperature distributions, which are always positive, irrespective of the parameter varied (even with strong wall suction), concentration magnitudes commence with negative values in all nanoparticle volume fraction plots. This phenomenon has been identified by other researchers e.g. Pera and Gebhart [59] and is hypothesized to be due to intense species transfer from the wall to the boundary layer at Lewis numbers exceeding unity (in our case Le = 10 is prescribed). Asymptotic convergence of all profiles is obtained in Figs. 2-11 , confirming the specification of a sufficiently large infinity boundary condition in the finite element computations. Figs. 12-14 illustrate the effects of various parameters on the shear stress, the heat transfer rates, and mass transfer rates. Fig. 12(a and b) depicts the effects of the various parameters on the friction factor and indicates that friction increases as the Darcy number and the magnetic field parameter increase for both slip flow and no slip flow. The progressively weaker matrix resistance to nanofluid flow results in an acceleration which leads to greater shearing at the sheet surface and enhanced friction factor magnitudes. At first the influence of magnetic field appears to be at odds with the customary retarding behavior of Lorentz magnetohydrodynamic body force. However inspection of the momentum boundary layer equation reveals that the pressure gradient parameter alters the influence of magnetic field. Indeed this has been reported in a number of studies including Chamkha [60] and Anwar Be´g [61] , the former regarding Newtonian boundary layer magnetohydrodynamics and the latter addressing Newtonian, nonNewtonian and nanoscale flows. Momentum boundary layer thickness is reduced with greater magnetic field. As expected, the slip velocity reduces the friction factor since the gradient of the velocity at the wall decreases. This is clearly observed from the boundary condition f 0 ð0Þ ¼ k þ a f 00 ð0Þ. As a ! 1, the shear stress at the wall is almost zero. One can observe from Fig. 12 (b) that friction increases with the Reynolds number for both the stretching sheet ðk ¼ 0:1Þ and shrinking sheet ðk ¼ À0:1Þ for both permeable and impermeable sheets. As expected, the injection enhances and suction decreases the friction factor. Fig. 13(a and b) shows the variation of the various parameters on the heat transfer rates. The heat transfer rates increases as the Reynolds number increases for both slip flow and no slip flow ( Fig. 13(a) ). Evidently a greater inertial effect in nanofluid flow exacerbates heat diffusion from the sheet to the fluid. Similar patterns have been documented by Dayyan et al. [47] . Temperature ratio is found to enhance the heat transfer rates for both slip and no slip flow ( Fig. 13(a) ). A similar result is also demonstrated by Hossain and Takhar [62] . It is found from Fig. 13(b) that heat transfer rate is decreased with the thermophoresis parameter (corresponding to a boost in temperatures in the boundary layer). Nanoscale thermophoresis therefore has a potent influence on heat transfer behavior at the sheet. Darcy number increases the heat transfer rates. However, Lewis number reduces the heat transfer rates.
Finally, the variation of the inverse of the radiation parameter, suction/injection parameter and the pressure gradient parameter on the heat transfer rates is displayed in Fig. 14 . The heat transfer rates increase as the inverse of the radiation parameter increases (corresponding to greater radiative flux contribution) in the presence of the pressure gradient for both permeable and impermeable sheet cases ( Fig. 14(a) ). No significant effect of the inverse of the radiation parameter on the heat transfer is found when there is no pressure gradient term. This feature has also been reported by Lord and Arpaci [51] albeit for Newtonian variable optical thickness boundary layer flows. Strong wall blowing (injection) depresses reduced Nusselt number values whereas strong suction results in the contrary behavior. Fig. 15(a and b) depicts the influence of illustrating the effects of various parameters on the reduced Sherwood number (Shr) i.e. the wall mass transfer rate (nano-particle concentration gradient at the wall). In Fig. 15(a) , Shr magnitudes are observed to be significantly elevated with increasing Reynolds number (Re). In other words an increase in inertial force relative to viscous force encourages species diffusion of nanoparticles to the wall from the boundary layer. Conversely increasing wall temperature excess ratio parameter
is found to significantly depress Shr magnitudes.
An increase in hydrodynamic slip (i.e. a) leads to a marked increase in Shr values whereas a rise in thermal slip parameter (i.e. b) weakly increases Shr. Therefore hydrodynamic slip exerts a more beneficial effect on nano-particle species diffusion from the boundary layer to the wall. In Fig. 15 (b) increase in Darcy number (Da) is found to very substantially enhance wall nano-particle mass transfer rates (Shr) whereas with increasing thermophoretic parameter (Nt), there is a gradual decreases in Shr magnitudes although the effect is more pronounced at higher Darcy number. An increase in Lewis number significantly elevates the Shr magnitudes at any Darcy number.
Conclusions
In this article, a nonlinear mathematical model for steady-state two-dimensional viscous incompressible magnetohydrodynamic Figure 14 Effect of the various parameters on the heat transfer rates. Finite element simulation of magnetohydrodynamic convective nanofluid slip flowslip flow of nanofluid from a nonlinearly radiating porous vertical extending/contracting sheet in a Darcian porous medium, has been developed. The study has been motivated by further investigating nano-material manufacturing processes based on the Sakiadis approach. The transport equations have been rendered into a system of non-dimensional ordinary differential equations using similarity transformations. A variational (weak form) finite element method (FEM) has been implemented to solve this boundary value problem numerically. Validation of the FEM results with earlier studies for regular fluids has been conducted, including mesh-independence. The main findings from the present computations may be summarized as follows:
(i) The surface friction factor increases as the Darcy number, the magnetic field parameter, and the Reynolds number increase. (ii) Increasing velocity slip reduces the friction factor. (iii) Heat transfer rates increase as the Reynolds number, the Darcy number and the temperature ratio are elevated. (iv) Heat transfer rate is observed to be decreased with greater values of thermophoresis parameter and the Lewis number. (v) Heat transfer rates increase as the inverse of the radiation parameter increases (i.e. as thermal radiative flux increases) in the presence of the pressure gradient for both permeable and impermeable sheet scenarios. (vi) Nano-particle volume fraction (species concentration) is enhanced with larger temperature ratio both in the absence and in the presence of the pressure gradient term and also for both thermal slip and non-thermal slip cases.
Although the present work has been confined to the steady-state situation, future investigations will address time-dependent stretching/contracting sheet magnetic nanofluid flow and will explore other effects including Hall currents and more sophisticated radiative flux models.
